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Global properties of static, spherically symmetric configurations with scalar fields of sigma-model type with arbitrary
potentials are studied in D dimensions, including models where the space-time contains multiple internal factor
spaces. The latter are assumed to be Einstein spaces, not necessarily Ricci-flat, and the potential V includes
contributions from their curvatures. The following results generalize those known in four dimensions: (A) a no-
hair theorem on the nonexistence, in case V ≥ 0, of asymptotically flat black holes with varying scalar fields or
moduli fields outside the event horizon; (B) nonexistence of particlelike solutions in field models with V ≥ 0;
(C) nonexistence of wormhole solutions under very general conditions; (D) a restriction on possible global causal
structures (represented by Carter-Penrose diagrams). The list of structures in all models under consideration is the
same as is known for vacuum with a cosmological constant in general relativity: Minkowski (or AdS), Schwarzschild,
de Sitter and Schwarzschild – de Sitter, and horizons which bound a static region are always simple. The results are
applicable to various Kaluza-Klein, supergravity and stringy models with multiple dilaton and moduli fields.
1. Introduction
Extra dimensions have become an inevitable ingredient
in numerous attempts to build a unification theory in-
cluding gravity [1]. The most popular dimensions are
now apparently 10 (superstrings) and 11 (M-theory),
although even higher dimensions are sometimes invoked
[2]. The bosonic sector of such theories generically in-
cludes scalars (dilatons), and effective scalars (moduli
fields) appear at dimensional reduction. A diversity of
scalar fields are involved in other branches of theoretical
physics and cosmology: Goldstone and Higgs fields in
particle theory, inflatons and scalar dark energy models
in modern cosmology, etc. It is therefore highly desirable
to know the possible properties of gravitationally self-
bound configurations formed by different scalar fields,
and of utmost interest are conditions for the existence
of black hole and solitonic, or particlelike solutions.
The simplest scalar field is massless, minimally cou-
pled to gravity, in general, possessing a certain poten-
tial. Meanwhile, the field equations for self-gravitating
scalar fields with nontrivial potentials can be explicitly
integrated in very few cases, even for highly symmetric
systems considered in cosmology or for static, spheri-
cally symmetric systems. Therefore, of great value are
general inferences or theorems on the properties of such
systems, which can be obtained without entirely solving
the field equations.
For static, spherically symmetric scalar-vacuum con-
figurations in general relativity (GR), described by the
action
S =
∫
d4x
√
|g|[R/κ2 + Lsc],
Lsc = g
µνϕ,µϕ,ν − 2V (ϕ), (1)
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where R is the scalar curvature and κ2 is the gravita-
tional constant, among such theorems are:
A. The no-hair theorem [3, 4] claiming that asymptoti-
cally flat black holes cannot have nontrivial exter-
nal scalar fields with nonnegative V (ϕ);
B. The generalized Rosen theorem [5] asserting that a
particlelike solution (i.e., an asymptotically flat so-
lution with a regular centre) with positive mass
cannot be obtained in case V ≥ 0;
C. The nonexistence theorem for regular solutions with-
out a centre (e.g., wormholes) [6];
D. The causal structure theorem [6], asserting that the
list of possible types of global causal structures
(and the corresponding Carter-Penrose diagrams)
for configurations with any potentials V (ϕ) and
any spatial asymptotics is the same as the one for
ϕ = const, namely: Minkowski (or AdS), Schwarz-
schild, de Sitter and Schwarzschild — de Sitter.
These results will be referred to as Statements A, B,
C, D, respectively.
A number of exact solutions provide examples of con-
figurations admitted by these theorems: black hole solu-
tions with a scalar field and V (ϕ) ≥ 0 but with non-flat
asymptotics [7], asymptotically flat black hole and parti-
clelike solutions with negative V (ϕ) [8]. All this, taken
together, gives rather a clear picture of what can and
what cannot be expected from static, minimally cou-
pled scalar fields in general relativity.
There are many generalizations of the action (1) for
which it is of interest to know whether or not, or un-
der which additional requirements, Statements A–D are
valid. In particular:
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1. Multidimensional configurations in GR, with Lsc
given by (1) and the metric
ds2 = e2γdt2 − e2αdu2 − e2βdΩ2d0 (2)
where α, β, γ are functions of the radial coor-
dinate u and dΩ2d0 is the linear element on the
sphere Sd0 of unit radius.
2. More general scalar field Lagrangians in GR, e.g.,
Lsc = F (ϕ, I) where I = g
µνϕ,µϕ,ν and F is an
arbitrary function of two variables.
3. Sets of scalar fields ~ϕ = {ϕK} , K = 1, N of σ -
model type, considered as coordinates in an N -
dimensional target space Tϕ , so that
Lsc = HKL(~ϕ)(∂ϕ
K , ∂ϕL)− 2V (~ϕ) (3)
where the target space metric HKL (usually sup-
posed to be positive-definite) and the potential V
are functions of N variables ϕK , and we use the
notation
(∂y, ∂z) = gµν∂µy∂νz. (4)
4. Scalar-tensor theories (STT) of gravity, with the
D -dimensional action
SSTT =
∫
dDx
√
g[f(φ)R+ h(φ)(∂φ)2 − 2U(φ)], (5)
where (dφ)2 = (∂φ, ∂φ) and f, h, U are arbitrary
functions of the scalar field φ .
5. High-order (curvature-nonlinear) gravity (HOG)
theories, e.g., with the scalar curvature R in (1)
replaced by a function f(R).
6. More general multidimensional configurations,
e.g., in product manifolds like
M
D = Ru ×M0 ×M1 ×M2 × · · · ×Mn (6)
where Mext = Ru ×M0 ×M1 is the “external”
manifold with the metric (2), Ru ⊆ R is the range
of the radial coordinate u , M1 is the time axis,
M0 = S
d0 . Furthermore, M2, . . . ,Mn are “in-
ternal” factor spaces of arbitrary dimensions di ,
i = 2, . . . , n , and, according to this notation, we
also have dimM0 = d0 and dimM1 = d1 = 1.
One can continue the list and/or combine its differ-
ent items to obtain more generalizations.
As is clear from the previous papers [8, 9, 10], some
extensions are achieved quite easily. Thus, Statements
C and D are extended to items 1, 2, 3 of the above list in
a straightforward manner [8]. Extensions of Statements
A and B generally require additional studies. State-
ment D proves to be the most universal, in particular, it
holds [9, 10] in STT and HOG under very general con-
ditions. Unlike that, Statement C is violated in STT
where wormhole solutions are found quite often.
Let us discuss this point in some detail since it will
be relevant in what follows.
A study of STT is effectively conducted with the aid
of the well-known conformal mapping which generalizes
Wagoner’s [11] 4-dimensional transformation
gµν = |f(φ)|−2/(D−2)gµν , (7)
dψ
dφ
= ±
√
|l(φ)|
f(φ)
, l(φ)
def
= fh+
D−1
D−2
( df
dφ
)2
, (8)
which removes the nonminimal scalar-tensor coupling
expressed in the factor f(φ) before R . The action (5),
originally written in the manifold MJ [g] (the Jordan
frame), will now be specified in the new manifold ME [g]
with the new metric gµν (the Einstein frame) and the
new scalar field ψ :
SE =
∫
dDx
√
g
{
sign f
[R+ (sign l)(∂ψ)2]− 2V (ψ)},
(9)
where the determinant g , the scalar curvature R and
(∂ψ)2 are calculated using gµν , and
V (ψ) = |f |−D/(D−2)(ψ)U(φ). (10)
The action (44) is similar to (1), but, in addition to
arbitrary D , contains two sign factors. Let us suppose
the usual sign of gravitational coupling, f > 0. Then
theories with l(φ) < 0 lead to an anomalous sign of
the kinetic term of the ψ field in (44) — a “ghost”
scalar field as it is sometimes called. Such fields easily
violate all the standard energy conditions, including the
null energy condition, and consequently wormholes are
quite generic (as was probably first noticed in Ref. [12]
in a discussion of static, spherically symmetric solutions
to the STT equations with U = 0).
Wormholes, however, can even appear in normal
STT, with l(φ) > 0, due to the so-called conformal
continuations [9]. Namely, it can happen that the trans-
formation (7) maps a singular surface in ME to a reg-
ular surface in MJ due to a singular behaviour of the
conformal factor, which compensates the singularity in
ME . Then MJ can be continued in a regular manner
through this surface (the so-called conformal continua-
tion [9]), and the global properties of MJ can be consid-
erably richer than those of ME . Ref. [10] has established
necessary and sufficient conditions for the existence of
conformal continuations in static, spherically symmetric
systems in STT and described the properties of confor-
mally continued solutions. It was shown, in particular,
that a static, traversable wormhole is a generic result of
conformal continuation.
In this paper we concentrate our attention on multi-
dimensional theories of gravity.
In Sec. 2 we discuss the properties of self-gravitating
σ -models with the Lagrangian (3) in space-times with
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the metric (2). After a brief presentation of the already
known [8] Statements C and D for these systems, we
give a proof of the no-hair theorem, to a large extent
following the ideas of Adler and Pearson [4]. Then, we
strengthen Statement B, showing that a particlelike so-
lutions of any (even negative) mass cannot be obtained
in a field model with a nonnegative potential V (~ϕ).
This result follows from the universal identity (36), valid
for all static, spherically symmetric particlelike configu-
rations, and seems to be new even in four dimensions.
Sec. 3 is devoted to scalar field theories of σ -model
type in manifolds of the form (6), often obtained in the
low-energy limit of supergravities, string theories and
their generalizations [1, 2]. These scalar field theories
are reduced to the field model studied in Sec. 2, with a
target space supplemented by moduli fields (scale fac-
tors of extra dimensions), and accordingly the results
of Sec. 2 are extended to these more general theories
with certain natural modifications. Moreover, since the
theory constructed in MD (6) may be formulated in dif-
ferent conformal frames, so that the action takes a form
similar to (5), we briefly discuss the conformal frame
dependence of the previous results.
The Appendix contains expressions for some geomet-
ric quantities used in the previous sections and explicit
formulations of the regular centre and flat asymptotic
conditions for multidimensional space-times.
Throughout the paper all relevant functions are as-
sumed to be sufficiently smooth, unless otherwise ex-
plicitly indicated.
2. Spherically symmetric systems in
D-dimensional GR with a σ -model
source
2.1. Field equations
Consider D -dimensional GR with the set of scalar fields
(3). The Einstein equations can be written in two equiv-
alent forms:
Gνµ
def
= Rνµ − 12δνµR = −κ2T νµ , (11)
or
Rνµ = −κ2T˜ νµ def= −κ2
(
T νµ −
δνµ
D − 2T
α
α
)
, (12)
where T νµ is the stress-energy tensor (SET), which for
the fields (3) is given by
T νµ = ∂
ν~ϕ∂µ~ϕ− 12δνµLsc, (13)
or in the “tilded” form,
T˜ νµ = ∂
ν~ϕ∂µ~ϕ− δνµV (~ϕ) (14)
where two arrows denote a scalar product in the target
space Tϕ : ~a~b = HKLa
KbL .
The static, spherically symmetric metric (2) is writ-
ten with an arbitrary radial coordinate u . Now, it is
convenient for our purposes to use the coordinate u = ρ
corresponding to the gauge condition α+γ = 0, so that
the metric takes the form
ds2 = A(ρ)dt2 − du
2
A(ρ)
− r2(ρ)dΩ2d0 (15)
where we have denoted r(ρ) = eβ and A(ρ) = e2γ ≡
e−2α . This choice is preferable for considering Killing
horizons, described as zeros of the function A(ρ). The
reason is that in a close neighbourhood of a horizon the
coordinate ρ defined in this way varies (up to a positive
constant factor) like manifestly well-behaved Kruskal-
like coordinates used for an analytic continuation of the
metric [13]. Thus, using this coordinate, which may be
called quasiglobal, one can “cross the horizons” preserv-
ing the formally static expression for the metric.
With this choice of the coordinate gauge, the
scalar field equations and four different combinations
of Eqs. (12) can be written as follows:[
Ard0HKL(ϕ
L)′
]′
= rd0
∂V
∂ϕK
; (16)
(A′rd0)′ = −(4/d0)rd0κ2V ; (17)
d0r
′′/r = −κ2(~ϕ′)2; (18)
yyA(r2)′′ − r2A′′ + (d0 − 2)r′(2Ar′ −A′r)
= 2(d0 − 1); (19)
d0(d0 − 1)(1−Ar′2) − d0A′rr′
= −Ar2(~ϕ′)2 + 2r2V. (20)
Eqs. (17), (18) and (19) are the components
(
t
t
)
,
(
t
t
)−(ρρ)
and
(
t
t
) − (θθ) , respectively, of (12), and (20) is the (ρρ)
component of (11). We have written (N +4) equations
for (N+2) unknowns ϕK , A and r ; but there are only
two independent equations among (17)–(20), in partic-
ular, (20) is a first integral of the other equations. So
this set of equations is determined.
2.2. Global structure theorems
One can directly extend to the present system the rea-
sonings of Refs. [6, 8] leading to Statements C and D.
Let us give, for completeness, precise formulations of
the corresponding theorems.
The first theorem concerns the nonexistence of
wormholes, horns and flux tubes. A wormhole is, by def-
inition, a configuration with two asymptotics at which
r(ρ) →∞ , hence with r(ρ) having at least one regular
minimum. A flux tube is characterized by r = const >
0, i.e., it is a static (d0 + 1)-dimensional cylinder. A
horn is a configuration that tends to a flux tube at one
of its asymptotics, which happens if r(ρ) → const > 0
at one of the ends of the range of ρ . Such “horned
particles” with a flat asymptotic at the other end were
discussed as possible remnants of black hole evaporation
[14].
Theorem 1. Eqs. (16)–(20) for D ≥ 4 and positive-
definite HKL do not admit (i) solutions where the func-
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tion r(ρ) has a regular minimum, (ii) solutions describ-
ing a horn, and (iii) flux-tube solutions with ϕK 6=
const .
A proof rests on Eq. (18), implying r′′ ≤ 0, which
actually expresses the null energy condition valid for
the SET T νµ when the matrix HKL is positive-definite.
As a result, not only wormholes as global entities are
impossible but even wormhole throats.
Another theorem concerns the possible number and
order of Killing horizons, coinciding with the number
and order of zeros of A(ρ). A simple (first-order) or
any odd-order horizon separates a static region, A > 0
(also called an R region), from a nonstatic region, A <
0 where (2) is a homogeneous cosmological metric of
Kantowski-Sachs type (a T region). A horizon of even
order separates regions with the same sign of A(ρ).
The order and disposition of horizons unambiguously
determine the global causal structure of space-time (up
to identification of isometric surfaces, if any) [15]–[18].
The following theorem severely restricts such possible
dispositions.
Theorem 2. Consider solutions to Eqs. (16)–(19) for
D ≥ 4 . Let there be a static region a < ρ < b ≤ ∞ .
Then:
(i) all horizons are simple;
(ii) no horizons exist at ρ < a and at ρ > b .
A proof of this theorem [6, 8] employs the properties
of Eq. (19), which can be rewritten in the form
r4B′′ + (d0 + 2)r
3r′B′ = −2(d0 − 1) (21)
where B(ρ) = A/r2 . At points where B′ = 0, we have
B′′ < 0, therefore B(ρ) cannot have a regular minimum.
So, having once become negative while moving to the
left or to the right along the ρ axis, B(ρ) (and hence
A(ρ)) cannot return to zero or positive values.
By Theorem 2, there can be at most two simple hori-
zons around a static region. A second-order horizon
separating two nonstatic regions can appear, but this
horizon is then unique, and the model has no static re-
gion.
The possible dispositions of zeros of the function
A(ρ), and hence the list of possible global causal struc-
tures, are thus the same as in the case of vacuum with
a cosmological constant. The latter is a solution to
Eqs. (16)–(19) with ϕK = const, κ2V = Λ = const,
and the metric
ds2 = A(r)dt2 − dr
2
A(r)
− r2 dΩ2d0 , (22)
A(r) = 1− 2m
(d0 − 1)rd0−1 −
2Λr2
d0(d0 + 1)
. (23)
This is the multidimensional Schwarzschild-de Sitter (or
Tangherlini-de Sitter) solution. Its special cases corre-
spond to the Schwarzschild (d0 = 2) and Tangherlini
[19] (d0 ≥ 2) solutions3 when Λ = 0 and the de Sit-
ter solution in arbitrary dimension when m = 0, called
anti-de Sitter (AdS) in case Λ < 0. For Λ > 0, if m is
positive but smaller than the critical value
mcr =
d0 − 1
d0 + 1
[
d0(d0 − 1)
2Λ
](d0−1)/2
, (24)
there are two horizons, the one at smaller r being inter-
preted as a black hole horizon and the other as a cos-
mological horizon. If m = mcr , the two horizons merge,
and there are two homogeneous nonstatic regions sepa-
rated by a double horizon. The solution with m > mcr
is purely cosmological and has no Killing horizon. In
cases m < 0 and/or Λ < 0 there is at most one simple
horizon. All the corresponding Carter-Penrose diagrams
are well known ([20], see also [9, 10]) and will not be re-
produced here.
In (2+1)-dimensional gravity (d0 = 1) we have a
still shorter list of global structures: at most one simple
horizon is possible.
Theorems 1 and 2 are independent of the form of the
potential and of any assumptions about spatial asymp-
totics.
2.3. No-hair theorem
Let us now consider asymptotically flat space-times,
which means, in terms of the metric (15), that, without
loss of generality, r ≈ ρ and the function A(ρ) ≈ A(r)
has the Tangherlini form, i.e., (23) with Λ = 0:
A(r) = 1− 2m
(d0 − 1)rd0−1 (25)
as ρ→∞ . It then follows from the field equations that
the SET components, and hence the quantities V and
(~ϕ)2 , decay at large ρ ≈ r quicker than r−(d0+1) .
Let us now prove the following no-hair theorem, ex-
tending to our system the theorems known in four di-
mensions [3, 4]:
Theorem 3. Given Eqs. (16)–(20) for D ≥ 4 , with
a positive-definite matrix HKL(~ϕ) and V (~ϕ) ≥ 0 , the
only asymptotically flat black hole solution is character-
ized by V ≡ 0 , ~ϕ = const and the Tangherlini metric
(22), (25) in the whole range h < ρ < ∞ where ρ = h
is the event horizon.
At the event horizon ρ = h we have by definition
A = A(h) = 0, and A > 0 at ρ > h . By Theorem
2, the horizon should be simple, so that A ∼ ρ − h as
ρ→ h . Consider the function
F1(ρ) = r
d0
r′
[2V −A~ϕ′2]. (26)
3The mass M in conventional units, say, grams, is obtained
by writing m = GM where G is a (d0 +2)-dimensional analogue
of Newton’s constant. The coefficient of m is chosen in (25) and
accordingly in (23) in such a way that at large r in case Λ = 0,
when the space-time is asymptotically flat, a test particle at rest
experiences a Newtonian acceleration equal to −GM/rd0 .
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One can verify that
F ′1(ρ) = F2(ρ) def= rd0−1
[
2d0V + (d0 − 1)~ϕ
′2
r′2
+A~ϕ′2
]
.
(27)
To do so, when calculating F ′1 , one should substitute
~ϕ′′ from (16), r′′ from (18) and A′ from (20). Let us
integrate (27) from h to infinity:
F1(∞)−F1(h) =
∫ ∞
h
F2(ρ) dρ. (28)
Since r′(∞) = 1 and r′′ ≤ 0, we have r′ > 1 in the
whole range of ρ , but r′(h) < ∞ . Indeed, regularity
of the horizon implies a finite value of the Kretschmann
scalar given by (A7), hence finite values of all its con-
stituents (A8). In the present case, the indices i and k
(the numbers of factor spaces) take the values 0 and 1,
and of interest for us is the quantity R(3)01 = − 12A′r′ .
Since A′(h) > 0, its finiteness means r′(h) <∞ .
The quantity F1(h) should be finite, since otherwise
we would have either V or A~ϕ′2 infinite, leading to
infinite SET components (see (13)) and, via the Einstein
equations, to a curvature singularity.
If, however, we admit a nonzero value of A~ϕ′2 at
ρ = h , the integral in (28) will diverge at ρ = h due
to the second term in brackets in (27), and this in turn
leads to an infinite value of F1(h). Therefore A~ϕ′2 → 0
as ρ→ h , and we conclude that
F1(h) = 2r
d0(h)
r′(h)
V (h) ≥ 0.
On the other hand, F1(∞) = 0 due to the asymptotic
flatness conditions. Thus, in Eq. (28) there is a nonpos-
itive quantity in the left-hand side and a nonnegative
quantity on the right. The only way to satisfy (28) is to
put V ≡ 0 and ~ϕ′ ≡ 0 in the whole range ρ > h , and
the only solution for the metric then has the Tangherlini
form.
As follows from the scalar field equations (16), the
equality V = 0 should take place where ∂V/∂ϕK = 0,
i.e. at an extremum or saddle point of the potential,
and it should be obviously a minimum for a stable equi-
librium.
It is of interest that one of the key points of the above
proof, that A~ϕ′2 = 0 at ρ = h , might be obtained from
smoothness considerations. Indeed, since A ∼ ρ−h near
ρ = h , a nonzero value of A~ϕ2 means that some of (φK)′
behave as (ρ−h)−1/2 , violating the C1 requirement for
the scalar fields. Our proof is “more economical” since
it only uses the requirement of space-time regularity at
the horizon.
One can also note that our no-hair theorem is in
a complementarity relation with a recent black hole
uniqueness theorem [21] (see [22] for a review). In D -
dimensional general relativity coupled to the σ -model
(3) with V ≡ 0, it has been proved without assuming
spherical symmetry at the outset that “the only black
hole solution with a regular, non-rotating event horizon
in an asymptotically flat, strictly stationary domain of
outer communication is the Schwarzschild-Tangherlini
solution with a constant mapping φ” [21]. In contrast
to that, our Theorem 3 applies to σ -models with ar-
bitrary V (~ϕ) ≥ 0 but selects the Tangherlini solution
among spherically symmetric configurations.
2.4. Two expressions for the mass and the
properties of particlelike solutions
In this subsection we will discuss particlelike solutions,
i.e., solutions with a flat asymptotic and a regular cen-
tre. We begin with a derivation of two general expres-
sions for the active gravitational (Tangherlini) mass m
of a D -dimensional configuration with the metric (2)
and an arbitrary SET compatible with the regular cen-
tre and asymptotic flatness conditions.
One expression is easily obtained from the
(
t
t
)
com-
ponent of Eqs. (11) which may be written in the cur-
vature coordinates (u = r in the notations of Eqs. (2),
(A6)) in the following way:
d0
(d0 − 1)rd0
dm
dr
= κ2T tt , (29)
where m(r) is the mass function,
m(r)
def
=
d0 − 1
2
rd0−1(1− e−2α), (30)
generalizing the well-known 4-dimensional mass func-
tion m(r) = 12r(1− e−2α). For a system with a regular
centre (r = 0), the function m(r), expressed from (29)
as
m(r) =
d0 − 1
d0
κ2
∫ r
0
T tt r
d0dr, (31)
can be interpreted as the mass inside a sphere of radius
r . If, in addition, the space-time is asymptotically flat,
this integral converges at large r and, being taken from
zero to infinity, gives the full Tangherlini mass m =
m(∞). The constant κ2 is expressed in terms of d0
and the multidimensional Newtonian constant G (such
that m = GM , see footnote 3) if we require the validity
of the usual expression for mass in terms of density,
M =
∫
T tt dv (dv being the element of volume) in the
flat space limit. One thus obtains
κ2 =
d0
d0 − 1s(d0)G,
s(d0) = 2π
(d0+1)/2
/
Γ(d0+12 ), (32)
where s(d0) is the area of a d0 -dimensional sphere of
unit radius and Γ is Euler’s gamma function. In case
D = 4 we have, as usual, κ2 = 8πG .
Eq. (31) for the Tangherlini mass is easily rewritten
in terms of any radial coordinate, e.g., the quasiglobal
ρ coordinate used in Eqs. (16)–(20):
m =
d0 − 1
d0
κ2
∫ ∞
ρc
T tt (ρ)r
d0r′dρ, (33)
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where ρc is the value of ρ at the centre.
On the other hand, one can integrate the
(
t
t
)
com-
ponent of Eqs. (12), which, in terms of the same ρ co-
ordinate (see (A6) for Rtt ), assumes the form
1
2rd0
(A′rd0)′ = κ2T˜ tt. (34)
For an asymptotically flat metric (15) with a regular
center, integration of (34) over the whole range of ρ
gives
m =
κ2
d0
∫ ∞
ρc
[
(d0 − 1)T tt − T ii
]
rd0dρ, (35)
where the index i enumerates spatial coordinates. This
is a multidimensional analogue of Tolman’s well-known
formula [23] for the mass of a regular matter distribu-
tion in general relativity. Comparing the expressions
(33) and (35), we obtain the following universal identity
valid for any particlelike static, spherically symmetric
configuration in D -dimensional GR:∫ ∞
ρc
[
(r′ − 1)(d0 − 1)T tt + T ii
]
rd0dρ = 0. (36)
For the σ -model (3), Eq. (35) takes the form
m = −2κ
2
d0
∫ ∞
ρc
V (~ϕ)rd0dρ, (37)
leading to a multidimensional version of what has been
previously called the generalized Rosen theorem [8]: a
static, spherically symmetric particlelike solution with
positive mass cannot be obtained with scalar fields having
a nonnegative potential V .
An even stronger no-go theorem follows from the uni-
versal identity (36):
Theorem 4. Eqs. (16)–(20) with D ≥ 4 for the σ -
model (3) do not admit any particlelike solution if the
matrix HKL is positive-definite and V ≥ 0 .
In other words, even negative-mass particlelike solu-
tions can only be obtained with (at least partly) negative
potentials.
To prove the theorem, it is sufficient to show that
the expression in brackets in (36) is positive for any
nontrivial solution under the conditions of the theorem.
This expression is
1
2 (d0 − 1)A(~ϕ′)2 + V [2 + (d0 − 1)r′].
Its positivity is evident since, as already mentioned, r′ =
1 at the flat asymptotic and, due to r′′ ≤ 0, we have
r′ ≥ 1 in the whole range of ρ .
3. Theories with multiple factor spaces
3.1. Reduction
Consider a D -dimensional static, spherically symmetric
space-time MD with the structure (6) and the metric
ds2D = − e2α0du2 − e2β
0
dΩ2d0 + e
2β1dt2 −
n∑
i=2
e2β
i
ds2i ,
(38)
where ds2i (i = 2, . . . , n) are the metrics of Einstein
spaces of arbitrary dimensions di and signatures while
α0 and all β
i are functions of the radial coordinate u .
Consider in MD a field theory with the action
S =
∫
dDx
√
|gD|
[RD + Lsc], (39)
where the scalar field Lagrangian has a σ -model form
similar to (3),
Lsc = hab(φ)(∂φ
a, ∂φb)− 2VD(φ), (40)
RD being the D -dimensional scalar curvature. The
metric hab of the N
′ -dimensional target space Tφ and
the potential V are functions of φ = {φa} ∈ Tφ (we use
overbar s for vectors in Tφ to distinguish them from vec-
tors in Tϕ labelled by arrows). The fields φ
a themselves
are assumed to depend on the external space coordinates
xµ (µ = 0, 1, ..., d0 + 1); the notation (4) is again used,
where the metric gµν is formed by the first three terms
in (38).
The action (39) represents in a general form the
scalar-vacuum sector of diverse supergravities and low-
energy limits of string and p-brane theories [1]. In
many papers devoted to exact solutions of such low-
energy theories (see, e.g., [24] and references therein),
all internal factor spaces are assumed to be Ricci-flat,
and nonzero potentials VD(φ) are not introduced due
to technical difficulties of solving the equations. Mean-
while, the inclusion of a potential not only generalizes
the theory making it possible to treat massive and/or
nonlinear and interacting scalar fields, but is also nec-
essary for describing, e.g., the symmetry breaking and
Casimir effects4.
Let us perform a dimensional reduction to the ex-
ternal space-time Mext with the metric gµν using the
relation (A3). The action (39) is converted to
S =
∫
dd0+2x
√
|gd0+2| eσ2
{
Rd0+2
+
n∑
i=2
di(di − 1)Ki e−2β
i
+ 2∇µ∇µσ2
+
n∑
i,k=2
(didk + diδik)(∂β
i, ∂βk) + Lsc
}
, (41)
where all quantities, including the scalar Rd0+2 , are
calculated with the aid of gµν , and
σ2
def
=
n∑
d=2
diβ
i, (42)
so that eσ2 is the volume factor of extra dimensions.
4On the use of effective potentials for describing the Casimir
effect in compact extra dimensions, see, e.g., [25] and references
therein.
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It is helpful to pass in the action (41), just as in the
STT (5), from the Jordan-frame metric gµν in Mext to
the Einstein-frame metric
gµν = e
2σ2/d0gµν . (43)
After this substitution, omitting a total divergence, one
obtains the action (39) in terms of gµν :
S =
∫
dd0+2x
√
|g|
[
R+HKL(∂ϕK , ∂ϕL)− 2V (~ϕ)
]
.
(44)
Here the set of fields {ϕK} = {βi, φa} , combining
the scalar fields from (40) and the moduli fields βi , is
treated as a vector in the extended N = (n−1+N ′)-
dimensional target space Tϕ with the metric
(HKL) =
(
didk/d0 + diδik 0
0 hab
)
, (45)
while the potential V (ϕ) is expressed in terms of VD(φ)
and βi :
V (~ϕ) = e−2σ2/d0
[
VD(φ)− 1
2
n∑
i=2
Kidi(di−1) e−2β
i
]
.(46)
We thus obtain a formulation of the theory coincid-
ing (up to the constant κ and the particular expression
for the potential) with that discussed in Sec. 2. There-
fore all results obtained in Sec. 2 are valid for the metric
gµν if it assumes the form (2) and the quantities φ
a and
βi are functions of the radial coordinate u .
3.2. Extended no-go theorems
One can note that the Einstein-frame metric gµν in
Mextplays an auxiliary role in our multidimensional the-
ory with the action (39). Since the theory is not con-
formally invariant, the physical picture depends on the
choice of a conformal frame to be regarded as a physical
one. This in turn depends on the underlying fundamen-
tal theory that leads to (39) in its low-energy limit (see
[26] for a discussion of physical conformal frames and
further references). We do not specify such a theory,
which is possibly yet unknown, therefore it seems rea-
sonable to make the simplest choice and to consider the
properties of the D -dimensional metric gMN given by
(38) as a representative, conditionally physical metric.
Its “external” part gµν is connected with gµν by the
conformal transformation (43). Since the action (39)
corresponds to Einstein gravity in D dimensions, this
frame may be called the D -dimensional Einstein frame,
and we will now call MDE the manifold M
D endowed
with the metric gMN .
The quantities α0, β
0, β1 characterizing gµν in (38)
are connected with α , β , γ corresponding to gµν in the
form (2) as follows:
α0 = α− σ2/d0, β0 = β − σ2/d0, β1 = γ − σ2/d0,
The nonminimal coupling coefficient in the action (41),
being connected with the extra-dimension volume fac-
tor eσ2 , is nonnegative by definition, moreover, the
solution terminates where eσ2 vanishes or blows up.
Thus, in contrast to the situation in scalar-tensor theo-
ries (see the Introduction), conformal continuations are
here impossible: one cannot cross a surface, if any,
where eσ2 vanishes. Roughly speaking, due to the
absence of conformal continuations, the Jordan-frame
manifold Mext [g] can be smaller but cannot be larger
than Mext [g] . More precisely, the transformation (43)
establishes a one-to-one correspondence between the two
manifolds if eσ2 is regular in the whole range Ru of the
radial coordinate in (2). If σ2 → ±∞ at an intermediate
value of the radial coordinate, then the transformation
(43) maps Mext [g] to only a part of Mext [g] .
As is easily seen from the regularity conditions (A9)
and (A10) presented in the Appendix, the asymptotic
flatness of the metric gMN in M
D
E implies an asymp-
totically flat Einstein-frame metric gµν in Mext and fi-
nite limits of the moduli fields βi , i ≥ 2, at large r .
A similar picture is observed with the regular centre
conditions: a regular centre in MDE is only possible if
there is a regular centre in Mext [g] and β
i , i ≥ 2 be-
have as is prescribed in (A9). A horizon in MDE always
corresponds to a horizon in Mext [g] . (The opposite as-
sertions are not necessarily true, e.g., a regular centre in
Mext [g] may be “spoiled” when passing to gMN by an
improper behaviour of the moduli fields βi .)
So the global properties of Mext [g] and Mext [g]
(and hence MDE ) are closely related but not entirely
coincide.
Let us describe some essential features of Mext [g]
and MDE , associated with Statements A-D in the Intro-
duction.
A. The no-hair theorem can be formulated for MDE
as follows:
Theorem 5. Given the action (39), (40), with hab
positive-definite and a nonnegative potential (46), in the
space-time MDE with the metric (38), the only static,
asymptotically flat black hole solution to the field equa-
tions is characterized in the region of outer communica-
tion by φa = const , βi = const (i = 2, n), V (~ϕ) ≡ 0
and the Tangherlini metric gµν .
In other words, the only asymptotically flat black
hole solution is given by the Tangherlini metric in Mext ,
constant scalar fields φa and constant moduli fields βi
outside the event horizon. Note that in this solution
the metrics gµν and gµν in Mext are connected by
simple scaling with a constant conformal factor since
σ2 = const.
Another feature of interest is that it is the poten-
tial (46) that vanishes in the black hole solution rather
than the original potential VD(φ) from Eq. (40). If all
internal factor spaces are Ricci-flat, then both VD(φ)
and V (~ϕ) are zero in a black hole solution. If not, then
the curvatures of the internal factor spaces compensate
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one another or/and the potential VD(φ). The latter, if
nonzero, is in this case necessarily constant, appearing
as a cosmological constant in the action (39).
Theorem 5 generalizes Theorem 3 from Sec. 2 and
also the previously known property of black holes with
the metric (38) when the internal spaces are Ricci-flat
and the source is a massless, minimally coupled scalar
field without a potential [27].
B. Particlelike solutions: Theorem 4 is valid in MDE
in the same formulation, but the condition V ≥ 0 men-
tioned there applies to the potential (46) rather than
VD(φ) from (40).
One can note that the narrower formulation of the
generalized Rosen theorem involving the sign of mass
could not be so easily extended to the metric gµν since
the mass value is, in general, sensitive to conformal
transformations.
C. Wormholes and even wormhole throats are impos-
sible with the metric gµν . The conformal factor e
2σ2/d0
in (43) removes the prohibition of throats since for gµν
a condition like r′′ ≤ 0 (see Eq. (18)) is no longer valid.
However, a wormhole as a global entity with two flat
asymptotics cannot appear in MJ = Mext [gµν ] . In-
deed, if we suppose the contrary, then, due to the corre-
spondence between flat asymptotics of the two metrics,
we immediately obtain a wormhole in ME = Mext [gµν ] ,
forbidden by Theorem 1.
Flux-tube solutions with nontrivial scalar and/or
moduli fields are absent, as before, but horns are not
ruled out since the behaviour of the metric coefficient
gθθ is modified by conformal transformations.
Let us emphasize that all the restrictions mentioned
in items A-C are invalid if the target space metric hab
is not positive-definite.
D. The global causal structure of any Jordan frame
cannot be more complex than that of the Einstein frame
even in STT, where conformal continuations are allowed
[10]. The reasoning of [10] entirely applies to Mext [g]
and hence to MDE . The list of possible global struc-
tures is again the same as that for the Tangherlini-de
Sitter metric (23). This restriction does not depend (i)
on the choice and even sign of scalar field potentials,
(ii) on the nature of asymptotic conditions and (iii) on
the algebraic properties of the target space metric. Let
us recall that in STT it was also proved to be confor-
mal frame independent, regardless of possible conformal
continuations. It is therefore the most universal prop-
erty of spherically symmetric configurations with scalar
fields in various theories of gravity.
A theory in MD may, however, be initially formu-
lated in another conformal frame, i.e., with a nonmin-
imal coupling factor f(φ) before RD in (39). Let us
designate MD in this case as MDJ , a D -dimensional
Jordan-frame manifold. (An example of such a con-
struction is the so-called string metric in string theo-
ries [1] where f depends on a dilaton field related to
string coupling.) Applying a conformal transformation
like (7), we can recover the Einstein-frame action (39)
in MDE , then by dimensional reduction pass to Mext [g]
and after one more conformal mapping (43) arrive at
the (d0 + 2) Einstein frame Mext [g] . Addition of the
first step in this sequence of reductions weakens our con-
clusions to a certain extent. The main point is that we
cannot a priori require f(φ) > 0 in the whole range
of ~ϕ , therefore conformal continuations (CCs) through
surfaces where f = 0 are not excluded.
Meanwhile, the properties of CCs have been stud-
ied in [10] only for a single scalar field in Mext (in the
present notation). In our more complex case of multi-
ple scalar fields and factor spaces, such a continuation
through the surface f(φ) = 0 in the multidimensional
target space Tφ can have yet unknown properties.
One can only say for sure that the no-hair and no-
wormhole theorems fail if CCs are admitted. This fol-
lows from the simplest example of CCs in the solutions
with a conformal scalar field in GR, leading to black
holes [28, 29] and wormholes [12, 30] and known since
the 70s although the term “conformal continuation” was
introduced only recently [9]. Let us also recall that a
wormhole was shown to be one of the generic structures
appearing as a result of CCs in scalar-tensor theories
[10].
If we require that the function f(φ) should be fi-
nite and nonzero in the whole range Ru of the radial
coordinate, including its ends, then all the above no-go
theorems are equally valid in MDE and M
D
J . One should
only bear in mind that the transformation (7) from MDE
to MDJ modifies the potential VD(φ) multiplying it by
f−D/(D−2) , which in turn affects the explicit form of the
condition V ≥ 0, essential for Statements A and B.
Statement D on possible horizon dispositions and
global causal structures will be unaffected if we admit
an infinite growth or vanishing of f(φ) at the extremes
of the range Ru . However, Statement C will not sur-
vive: such a behaviour of f may create a wormhole or
horn in MDJ . A simple example of this kind is a “horned
particle” in the string metric in dilaton gravity of string
origin, studied by Banks et al. [14].
Appendix.
Some geometric quantities for D -dimensional
space-times
Consider a D -dimensional space-time MD with the
metric
ds2D = gMNdx
MdxN = gµνdx
µdxν −
n∑
i=2
e2β
i
ds2i (A1)
where the indices M,N, . . . = 0, D − 1, the indices µ, ν
refer to the external space Mext , while gµν and β
i are
functions of xµ . The internal factor spaces Mi (i =
2, ..., n) of arbitrary dimensions di and signatures, with
xµ -independent metrics ds2i , are assumed to be Einstein
spaces, so that the corresponding Ricci tensors can be
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written as
Rnimi = Ki(di − 1)δnimi , (A2)
where Ki = +1, 0, −1 for spaces of positive, zero and
negative curvature, respectively. The actual values of
their curvatures depend on the corresponding scale fac-
tors e2β
i
in (A1).
The scalar curvature of MD with the metric (A1)
can be expressed in terms of the scalar curvature Rd0+2
of the external subspace Mext and the functions β
i :
RD = Rd0+2 +
n∑
i=2
di(di − 1) e−2β
i
+ 2
n∑
i=2
di∇µ∇µβi +
n∑
i,k=2
(didk + diδik)(∂β
i, ∂βk) (A3)
where all quantities, including the Ricci scalar Rd0+2 ,
are calculated with the aid of gµν .
If the external space-time is static, spherically sym-
metric with the structure Mext = Ru ×M0 ×M1 and
the metric (2) (with the identifications α = α0 , γ = β
1
and β = β0 ), where Ru is the range of the radial co-
ordinate u , then the coordinate spheres M0 = S
d0 and
the time axis M1 are included in the general scheme, so
that K0 = +1, K1 = 0 and d1 = 1, and the metric can
be written as
ds2D = − e2α0du2 +
n∑
i=0
e2β
i
ds2i . (A4)
In case n = 1, internal factor spaces are absent, and we
return to the structure MD = Mext = Ru ×M0 ×M1 .
Nonzero Ricci tensor components for the spherically
symmetric metric (A4) are
Ruu = −
n∑
i=0
e−2α0
(
β¨i + β˙i
2 − α˙0β˙i
)
,
Rmini = δmini
{
(di − 1)Ki e−2β
i
− e−2α0
[
β¨i + β˙i
(
−α˙0 +
n∑
k=0
dkβ˙
k
)]}
, (A5)
where the dots denote d/du and the indices mi , ni
belong to coordinates from the i -th factor space.
From these general expressions, putting n = 1, it
is easy to obtain the Ricci tensor components in the
particular gauge α0+β
1 = 0 (the quasiglobal coordinate
ρ) for the metric (15) used in Sec. 2:
Rtt = −
1
2rd0
(A′rd0)′;
Rρρ = −
1
2rd0
(A′rd0)′ − d0Ar
′′
r
;
Rθθ =
d0 − 1
r2
−A
[
r′′
r
+ (d0 − 1)r
′2
r2
+
r′
r
A′
A
]
, (A6)
where A = e2β
1
, r = eβ
0
, θ is any of the angular
coordinates parametrizing the sphere Sd0 and the prime
denotes d/dρ .
Let us now return to the metric (A4) and give an
expression for its Kretschmann scalar (Riemann tensor
squared) K = RMNPQRMNPQ :
K = 4
∑
i
R2(1)i + 2
∑
i
di(di−1)R2(2)i + 4
∑
i6=k
didkR
2
(3)ik
(A7)
where i, k = 0, n and
R(1)i = − e−2α(β¨i − α˙β˙i + β˙i2),
R(2)i = Ki e
−2βi − e−2αβ˙i2,
R(3)ik = − e−2αβ˙iβ˙k; (A8)
as before, the dots denote d/du (recall that u is an
arbitrary radial coordinate, not to be confused with the
particular coordinate ρ in Eqs. (A6)).
The expression (A7) is a sum of squares of the Rie-
mann tensor components Rµνλσ , hence its proper be-
haviour at the centre or any other point guarantees the
regularity properties of the manifold MD . Thus, a cen-
tre is by definition a place where the coordinate spheres
are drawn to points, i.e., r = eβ0 → 0. The regular
centre conditions follow from the requirement K < ∞
at such a value of the coordinate u :
βi = βi0 +O(r
2), i = 1, n; e−2αr˙2 = 1 +O(r2),
(A9)
where βi0 are constants. The last condition is the local
euclidity requirement, providing a correct circumference
to radius ratio for circles around the centre; it follows
from the requirement of finiteness of R(2)0 at r = 0.
The metric (A4) can be called asymptotically flat
when its external part is asymptotically flat and the in-
ternal scale factors eβ
i
tend to finite constant values
as r → ∞ . Since βi behave as effective scalar fields in
Mext , the asymptotic flatness of Mext requires a suffi-
ciently rapid decay of β˙i at infinity. We thus require
βi = βi∞ +O(1/r), i = 1, n; e
−2αr˙2 → 1. (A10)
where βi∞ are constants. The last condition in (A10)
is the requirement of a correct circumference to radius
ratio for circles r = const as r → ∞ ; it rules out the
possibility of asymptotics of conical nature. Under these
conditions, all components of the Riemann tensor man-
ifestly vanish at infinity.
The conditions (A9) and (A10) are written for an ar-
bitrary radial coordinate u but may be easily reformu-
lated for its particular choice. Thus, for the quasiglobal
coordinate ρ one can assume r ≈ ρ at large r , then the
last condition in (A10) reads simply e−2α0 ≡ A → 1
as ρ → ∞ . The central value of ρ is ρc , not nec-
essarily zero; as follows from the first condition (A9),
A(ρc) = Ac is finite, while the last condition yields
A(dr/dρ)2 = 1+ O
(
(ρ− ρc)2
)
near the centre.
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